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Electromagnetic Solitons in Degenerate Relativistic Electron-Positron Plasma
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The existence of soliton-like electromagnetic (EM) distributions in a fully degenerate electron-
positron plasma is studied applying relativistic hydrodynamic and Maxwell equations. For circularly
polarized wave it is found that the soliton solutions exist both in relativistic as well as nonrelativistic
degenerate plasmas. Plasma density in the region of soliton pulse localization is reduced consider-
ably. The possibility of plasma cavitation is also shown.
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I. INTRODUCTION
During the past few years considerable amount of pa-
pers have been devoted to the analysis of electromag-
netic (EM) wave dynamics in relativistic plasmas pri-
marily in connection with their possible role in a variety
of astrophysical phenomena. Highly relativistic electron-
positron (e-p) plasmas exist in the pulsar magnetosphere
[1] and the corona of the magnetars [2], and also likely to
be found in the bipolar outflows (jets) in Active Galac-
tic Nuclei (AGN) [3]. The presence of e-p plasma is also
argued in the MeV epoch of the early Universe [4]. The
plasma can be termed as a relativistic when either bulk
velocities of plasma fluid cells are close to the velocity of
light or when the averaged kinetic energy of the parti-
cles in the cells are greater than the electron rest energy
(e.g. the thermal energy of plasma with temperature T ≥
mc2). In different astrophysical conditions the density of
e-p plasmas can take values varying by many orders of
magnitude. It is believed that the rest frame density of
the e-p plasma near the pulsar surface is n ≥ 1011 cm−3
[5], while in the MeV epoch of the early Universe the den-
sity of the optically thick e-p plasma can be as high as
n = 1032 cm−3 [6]. Intense e-p pair creation takes place
during the process of gravitational collapse of massive
stars [7]. It is argued that the gravitational collapse of
the massive stars may lead to the charge separation with
the field strength exceeding the Schwinger limit resulting
in e-p pair plasma creation with estimated density to be
n = 1034 cm−3 [8]. Superdense e-p plasma may also exist
in GRB source where the e-p plasma density can be in the
range n = (1030−1037) cm−3 [9]. Dense electron-positron
plasma can be soon produced in laboratory conditions as
well. Indeed, the modern petawatt lasers systems are
already capable of producing ultrashort pulses with the
focal intensities I = 2×1022W/cm2 [10]. Pulses of even
higher intensities exceeding I = 1026W/cm2 are likely
to be available soon in lab or in the Lorentz boosted
frames [11]. Interaction of such pulses with gaseous or
solid targets could lead to the generation of the optically
thin e-p plasma with above solid state densities in the
range of (1023 − 1028) cm−3 [12].
For highly compressed state the plasma behaves as
a degenerate Fermi gas provided that averaged inter-
particle distance is smaller than the thermal de Broglie
wavelength. Mutual interaction of the plasma particles
becomes unimportant and plasma becomes more ideal as
the density increases [13]. If the thermal energy of the
particles (electrons and positrons) is much lower than
their Fermi energy the plasma may be treated as cold,
i.e. having zero temperature, even it is of the order
of 109K [14]. The Fermi energy of degenerate elec-
trons (positrons) is ǫF = mec
2
[(
1 + R2
)1/2 − 1] ,
where R = pF /mec , pF - is the Fermi momen-
tum which is related to the rest-frame particle density
by the following relation pF = mec (n/nc)
1/3 , here
nc = 5.9×1029 cm−3 is the normalizing critical number-
density [15]. Thus, if n ≥ nc then particles inside
fluid cells can move with the relativistic velocities and
plasma rightfully can be termed as being a relativistic.
Here we would like to emphasize that the pair plasmas
with such densities can not be in complete thermody-
namic equilibrium with the photon gas into which it an-
nihilates [16]. Equilibrium is reached within the time-
period related mainly to the electron-positron annihila-
tions. The characteristic time for the e-p pair annihila-
tion is τann ≈ 1/(σv n) [17] where σ is the cross section
of annihilation and v is the relative velocity of pairs. In
relativistic case, for the plasma density n = 1030 cm−3
(i.e. pF = mec) the particles move with almost ve-
locity of light v ≈ c and for annihilation cross sec-
tion roughly estimated to be σ ≈ 10−24cm2 we get
τann ≈ 0.3 × 10−16 sec. Subsequently, the thermody-
namic equilibrium between pairs and photons (with zero
chemical potential) will be achieved. Plasma becomes
optically thick with steady state pair density defined by
plasma temperature. For low temperature degenerate
plasma the steady state pair density will be consider-
ably smaller than the initial one. Therefore, in order
to study electromagnetic properties of relativistic degen-
erate e-p plasma the characteristic time of the plasma
processes should be smaller than the time of pair annihi-
lations. Although the pair annihilation time turns out to
be extremely small the characteristic plasma frequency
2(Langmuir frequency) for high densities is also very high
[∼ 1018 sec−1] and collective plasma oscillations have
enough time to develop.
II. BASIC EQUATIONS
In the present paper we study the possibility of the
existence of localized high frequency EM solitary pulses
in the relativistic degenerate optically thin e-p plasma.
Existence and stability of EM solitary pulses in classical
relativistic e-p plasma has been intensively investigated
in the past [18–21]). In contrast, the nonlinear dynamics
of EM pulses in quantum degenerate relativistic plasma
were investigated just for low frequency modes (see [22]
and references therein).
The fluid equations, valid for each species (electrons
and positrons), can be written in a manifestly covariant
form
∂Tαβ
∂xβ
= qFαβnUβ , (1)
where the Greek indices go from 0 to 3 ; here ∂α ≡
∂/∂xα =
(
c−1∂/∂t,∇); Tαβ is the energy-momentum
tensor of the plasma species with charge q and mass
m , and Uα = (γ, γV/c) is the local four-velocity with
γ =
(
1− V 2/c2)−1/2 (UαUα = 1) ; the metric tensor is
gαβ = diag (1,−1,−1,−1) , and q = −e, e for electrons
and positrons respectively. Note that we do not label the
fluid species by an additional index for brevity.
In case when the number of charged particles is con-
served for each species, the rest-frame particle density n
satisfies the continuity equation
∂nUα
∂xα
= 0 . (2)
The electromagnetic (EM) field tensor can be formally
written as Fαβ = [E,B] and it satisfies the Maxwell
equations ∂βF
αβ = −(4π/c)Jα , ǫαβγδ∂βFγδ = 0,
where Jα = (cρ,J ) , and ρ and J are the total
charge and the current density of the plasma, respec-
tively. Equation (1) represents the conservation of mo-
mentum and energy, where the momentum change due
to collisions is ignored.
The energy momentum tensor Tαβ is assumed to be
that of an ideal isotropic fluid: Tαβ = wUαUβ − gαβP ,
where w = E + P is the enthalpy per unit volume, and
E is the proper internal energy density, while P is the
pressure of the fluid species. If the thermal energy of the
particles (electrons and positrons) is much lower than
their Fermi energy the plasma can be treated as being
completely degenerate. For a degenerate Fermi gas with
nT/P << 1 , we have the following relations [23, 24] :
P = m
4
ec
5
3π2~3
f(R) , (3)
E = m
4
ec
5
3π2~3
[
R3
(
1 +R2
)1/2 − f(R)] , (4)
where
8f (R) = 3 sinh−1R+R
(
1 +R2
)1/2 (
2R2 − 3) . (5)
In equations (3)-(5) R = pF /mec with pF being the
Fermi momentum defined above. The degenerate equa-
tion of state is given by P ∝ n5/3 or P ∝ n4/3 for
nonrelativistic (R≪ 1) and ultrarelativistic (R≫ 1)
plasma cases, respectively.
The fluid model presented above implies that the dis-
tribution function of electrons and positrons remains lo-
cally Juttner-Fermian which for zero temperature case
leads to the just density dependent thermodynamical
quantities E(n), P(n) and w(n) . All these quantities
implicitly depend on xα via n = N/γ , where N is
the density of the fluid species in laboratory frame. The
plasma dynamics is isentropic (moreover, at T → 0 the
entropy turns out to be zero) and, consequently, we have
the following thermodynamical relation d(w/n) = dP/n.
Applying this relation and passing through straightfor-
ward algebra (see for instance [25, 26]), introducing
G = w/nmec
2 , Eq. (1) can be reduced to the following
system of equations:
∂
∂t
(Gp) +mec
2∇ (Gγ) = qE + V ×Ω (6)
and
∂
∂t
Ω = ∇× (V×Ω) , (7)
where Ω =(q/c)B+∇× (Gp) is the generalized vortic-
ity. Here p = γmeV is the hydrodynamic momentum
and G = G(n) can be called as the density depen-
dent ”effective mass” factor of the fluid cell. The Equa-
tions (6)-(7) along with the Maxwell and the continuity
equations form the complete set of equations for study-
ing the dynamics of degenerate plasma. It is interesting
to remark that similar set of equations has been exhib-
ited in Ref.[25] for classical relativistic plasma obeying
Maxwell-Juttner statistics. In this case the effective mass
factor of the fluid elements depends on the temperature
G = G(T ) whereas T ∼ nΓ−1. Here the adiabatic
index Γ = 5/3 for the nonrelativistic (T ≪ mec2)
and Γ = 4/3 for the relativistic (T ≫ mec2) tem-
peratures, respectively. In the degenerate plasma case
w/nmec
2 =
(
1 +R2
)1/2
and consequently the mass fac-
tor depends only on the plasma rest frame density by the
following simple relation G = [1 + (n/nc)
2/3]1/2 which
is valid for the arbitrary strength of relativity defined by
the ratio - n/nc .
Expressing the EM fields by the vector (A) and scalar
(ϕ) potentials, i.e., E = −(1/c)∂A/∂t − ∇ϕ , and
3B = ∇×A , the Maxwell equations (with the Coulomb
gauge ∇ ·A = 0 ) can be written as:
∂2A
∂t2
− c2∆A+ c ∂
∂t
(∇ϕ)− 4πcJ = 0 (8)
and
∆ϕ = −4π ρ . (9)
Here, the charge and the current densities are given by
ρ =
∑
qγn and J =
∑
qγnV, respectively; the sum-
mation runs over the charge species. For the current ef-
fort, we apply equations (6)-(7) for wave processes in an
unmagnetized plasma. From Eq.(7) it follows that if the
generalized vorticity is initially zero (Ω = 0) everywhere
in space, it remains zero for all subsequent times. We as-
sume that before the EM radiation is ”switched on” the
generalized vorticity of the system is zero. Accordingly,
the Eq.(6) now takes the form
∂
∂t
(
Gp+
q
c
A
)
+∇ (mec2Gγ + q ϕ) = 0 . (10)
We are looking for the localized solution of equa-
tions (8)-(10) in one-dimensional case. Assuming that
all quantities vary only with one spatial coordinate z
and in time t the transverse component of the equa-
tion of motion (10) is immediately integrated to give:
p⊥ = −qA⊥/(cG) . The constant of integration is set
equal to zero, since the particle hydrodynamic momenta
are assumed to be zero at infinity where the field van-
ishes. Due to the gauge condition Az = 0 the longitu-
dinal motion of the plasma is coupled with the EM field
via γ =
[
1 + (p2⊥ + p
2
z)/m
2
ec
2
]1/2
which does not de-
pend on the particle charge sign. The EM pressure gives
equal longitudinal momenta to both the electrons and
positrons (pez = ppz = pz, γe = γp = γ) and modifies
plasma density without producing the charge separation,
i.e., ne = np = n and ϕ = 0 . Thus, the longitudi-
nal motion of the plasma is entirely determined by the
following equation of motion
∂
∂t
Gpz +mec
2 ∂
∂z
Gγ = 0 (11)
and the continuity equation (2), which in our case reads
as
∂
∂t
γn+
∂
∂z
(nγVz) = 0 . (12)
The longitudinal component of the current density is
zero Jz = 0 while for the transverse one we have:
J
⊥
=(2ne2/cG)A⊥ . Substituting this expression into
Eq.(8) we obtain the following equation
∂2A⊥
∂t2
− c2 ∂
2A⊥
∂z2
+Ω2e
(
n
n0
G0
G
)
A⊥ = 0 , (13)
where Ωe = (8πe
2n0/(meG0) )
1/2 is the Langmuir
frequency of the e-p plasma and n0 is the equilib-
rium density of electrons (positrons). Notice that in
the Langmuir frequency we introduced effective electron
mass meG0 = me(1 +R
2
0)
1/2 , where R0 = (n0/nc)
1/3.
We are looking for the stationary localized solution
described by the equations (11)-(13) for a circularly po-
larized EM wave. The vector potential can be expressed
as
eA⊥/mec
2 = (1/2)(x+ iy)A(z) exp(−iωt) + c.c. , (14)
where A(z) is the real valued dimensionless ampli-
tude depending only on spatial coordinate z; ω is
the frequency and x and y are the unit vectors.
In this stationary case pz = 0 and integrating the
Eq.(11) we obtain the relation Gγ = G0 , where
G = [1+R20(n/n0)
2/3]1/2 and γ = [1+A2/G2]1/2 . The
straightforward algebra gives the following relations:
n = n0
(
1−A2/R20
)3/2
(15)
and
G = G0
[
1−A2/(1 +R20)
]3/2
. (16)
It follows from the Eq.(15) that our considerations re-
main valid provided A ≤ R0 ; the plasma density de-
creases in the area of EM field localization and if at cer-
tain point of this area A→ R0 then the plasma density
becomes zero (n → 0), hence, at that point the cavita-
tion takes place.
The Eq.(13) reduces to the following ordinary differ-
ential equation:
d2a
dη2
− λa+ f(a2)a = 0 , (17)
where the nonlinearity function f(a2) is given by
f(a2) = 1−
(
1− a2)3/2
(1− ǫ2a2)1/2
. (18)
Here η = z(Ωe/c) is the dimensionless coordinate,
λ = 1 − ω2/Ω2e , a = A/R0 and ǫ2 = R20/(1 + R20).
One can see that the nonlinearity function f is posi-
tive and monotonically increasing function of a . For
small intensities of EM field (a ≪ 1) the nonlinearity
function is f = (3 − ǫ2)a2/2 while f → 1 for a → 1
. Note that the saturating character of the nonlinearity
is related to the plasma cavitation (see Eq.(15)). Since
0 ≤ f ≤ 1 the Eq.(17) admits the soliton solutions for
all allowed intensities of EM field (0 ≤ a2 ≤ 1) provided
4that 0 ≤ λ ≤ Max[f ] = 1 [27]. The paramerer λ is
the nonlinear ”frequency shift” and it has the meaning
of the reciprocal of the square of the characteristic width
of the soliton.
Integration of Eq.(17) gives(
da
dη
)2
− λa2 + F (a2, ǫ) = 0 . (19)
Here we assumed that an integration constant is
zero since for the soliton solutions a, aη →
0 for |η| → ∞ . The nonlinear function
F (a2, ǫ) =
∫ a2
0 f(ξ)dξ = F1(a
2, ǫ) − F1(0, ǫ) , where
F1(a
2, ǫ) = (1/4ǫ4)
√
(1− ǫ2 a2)(1− a2) [3+ǫ2(2a2−5)]−
(3/4ǫ5) (ǫ2 − 1)2 ln(2ǫ2√1− a2 + 2√1− ǫ2a2) . From
Eq.(19) one can see that the relation between λ and the
soliton amplitude am is given by λ = F (a
2
m, ǫ)/a
2
m .
III. RESULTS AND SUMMARY
The general solution of Eq.(17) cannot be expressed
in terms of the elementary function except for the ultra-
relativistic degenerate plasma case, i.e. for R0 ≫ 1
(ǫ→ 1) . Indeed, in this case f = a2 and for λ(ǫ=1) =
a2m/2 the soliton solution of Eq.(17) obtains a simple
form:
a = amsech
(
am√
2
x
)
. (20)
We would like to emphasize that the soliton solution
(20) exists for am = (Am/R0) ≤ 1 (λ(ǫ=1) ≤ 0.5) .
Consequently we can state that in the relativistic degen-
erate plasma the amplitude of EM soliton can become
relativistically strong – Am ≫ 1 . In the region of the
soliton localization the e-p plasma density decreases con-
siderably while for Am → R0 the plasma cavitation
takes place.
For the nonrelativistic degenerate plasma (ǫ≪ 1) the
nonlinearity function can be approximated by the fol-
lowing expression: f = 1 − (1 − a2)3/2 . The Eq.(17)
then has a soliton solution if the nonlinear frequency
shift satisfies the relation λ(ǫ=0) = F (a
2
m, 0)/a
2
m =
1−(2/5)(1−a2m)5/3/a2m . Thus, the soliton solution exists
for λ(ǫ=0) ≤ 0.6 . Note that Am ≤ R0 (am ≤ 1) and
since R0 ≪ 1 we conclude that in the nonrelativistic de-
generate e-p plasma the EM field intensity is nonrelativis-
tic Am ≪ 1 . However, even the field intensity is weak
it can give rise to a plasma cavitation at Am → R0. For
the intermediate case when ǫ < 1 (6= 0) the soliton so-
lution exists in plasma provided the nonlinear frequency
shift λ satisfies an inequality λ(ǫ=1) < λ < λ(ǫ=0) and
attains its maximal value λmax (0.5 < λmax < 0.6) that
corresponds to the cavitation (am = 1).
As we emphasized in the introduction the results ob-
tained in this paper are valid provided that characteristic
time of EM field oscillations is smaller than the pair an-
nihilation time, i.e. κ ≡ Ωe τann/2π ≫ 1 , namely for
annihilation time we can use the relation [28]
τ−1ann = (πr
2
0c)Q(G0)n , (21)
where r0 is an electron radius and
Q(x) =
1
x(1 + x)
[
x2 + 4x+ 1√
x2 − 1 ln
(
x+
√
x2 − 1
)
− (3 + x)
]
.
(22)
Estimations of parameter κ for different densities us-
ing eq.-s (21) and (22) as well as the expressions for G0
and Ωe given above yield following: (1) κ ∼ 1.4 · 103
for n ∼ nc = 5.9 · 1029 cm−3; (2) κ ∼ 60 for
n = 5 · 1032 cm−3; (3) κ ∼ 7 for n = 1035 cm−3; (4)
κ = 0.9 for n = 1037 cm−3. Hence, for the degenerate
plasma densities up to ∼ 1035 cm−3 the conditions for
the localized high frequency pulse solution existence are
easily met.
In conclusion, we have considered the possibility of the
high-frequency EM soliton formation in fully degenerate
electron-positron plasma. Applying fully relativistic, hy-
drodynamic approach we have shown that such a plasma
supports an existence of stationary soliton solution in
over-dense plasma (ω < Ωe). In relativistic degenerate
e-p plasma the intensity of EM field can be relativistically
strong while for norelativistic degeneracy case the soliton
intensity is always nonrelativistic. It is also shown that
the cavitation of plasma can occur in both the relativistic
and nonrelativistic degenerate plasmas. The generaliza-
tion for the case of moving soliton is straightforward and
is beyond of intended scope of present paper.
We believe that the 1-dimensional model of present
study can be generalized for the 2D and 3D problems
similarly in either so called ”pancake” regime of propaga-
tion with L|| ≪ L⊥ [29–31] or in so-called beam-regime of
propagation L⊥ ≪ L|| (where L|| and L⊥ are the charac-
teristic longitudinal and transverse spatial dimensions of
the field, respectively) [25]. Preliminary analysis shows,
that in such cases nonlinear Shro¨dinger equation with
saturating nonlinearity similar to (18) can be derived
implying that the generation of stable multi-dimensional
localized solutions – ”the light bullets” or the solitary
filaments – is possible.
The results found in given manuscript can be useful
to understand the dynamics of x-ray pulses emanating
from the compact astrophysical objects as well as to
study the nonlinear interactions of intense laser pulses
and dense degenerate plasmas that are relevant for the
next-generation intense laser – solid density plasma ex-
periments.
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